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Abstract. We prove an analogue of SaduUaev's theorem concerning the size of the set 
where a maximal totally real manifold M can meet a pluripolar set. M has to be of class 
only. This readily leads to a version of Shcherbina's theorem for functions / that 
are defined in a neighborhood of certain compact sets K iz C If the graph r/(i^) is 
pluripolar, then ^ = in the closure of the fine interior of K. 



1. Introduction 

Let P C C"" be any subset. We say that P is pluripolar ii there exists a plurisubharmonic 
function u on C", u ^ — cxd, such that P d {u = — oo}. It is well known that this global 
definition is equivalent to the local definition (see [8]). 

A. Sadullaev (see [12]) proved the following result 

Theorem 1.1. Let P G be a pluripolar set and let M be a maximal totally real sub- 
manifold of class C"^ in some domain D G C^. Then P H M has zero measure on M. 

For the definition of a maximal totally real submanifold see Section 3. B. Coupet (see 
[3]) proved Theorem 1.1 for M of class C^. We are interested in a similar problem but for 
manifolds M of class C^. Before we present our result, we need the following definition. 
Let L C C" be any subset and let zq G C" be a point. We say that L is thin at zo if there 
exists a neighborhood U of zq in C" and a negative plurisubharmonic function u onU such 
that M < — 1 on L \ {zq} H U and ^(^^o) > —\- 

Theorem 1.2. Let P G C"" be a pluripolar set and let M C be a maximal totally 
real manifold. Then M \ P is not thin at any point of M. 

The primary motivation of our paper was the following question: suppose that E G C 
is any subset and f : E ^ C is any function. What is the relation between pluripotential 
properties of the graph of / over E, i.e., 

(LI) TjiE) = {izJiz)):zGE}, 

and analytic properties of /? To be more precise, recall that a set P C C" is called 
pluripolar if there exists a plurisubharmonic function u on C", u ^ — oo, such that P C 
{u = —oo}. It is well known that this global definition is equivalent to the local definition 
(see [8]). In particular, if E is an open set and / is holomorphic on E, then Tf{E) is 
pluripolar in C^. If is not an open set (for example, if E' is a compact set without 
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interior points) then the situation is very comphcated, see e.g. [2] for E equal to the unit 
circle and / a quasianalytic function, or [4] for E a fine domain and / a finely holomorphic 
function, cf. Section 2 below. 

The inverse problem, i.e., to deduce some analytic properties of / from the pluripolarity 
of Tf{E), seems to be even more difficult. Recently, N. Shcherbina, [13], proved the 
following result, which was conjectured by T. Nishino. 

Theorem 1.3. Let D (Z C be a domain and let f : D ^ C be a continuous function. 
Assume that r/(D) is pluripolar in . Then f is holomorphic on D. 

Shcherbina also mentioned (see Remark on page 204 in [13]) that one can prove Theo- 
rem 1.3 for a C^-function / using Bishop's technique (see [1], cf. also [9]). The assumption 
that / is not holomorphic would imply that M = Tf[D) is a totally real manifold, to which 
a family of analytic discs can be attached, which eventually leads to a contradiction. 

What if one drops the assumption that / is defined on a domain? Using results of Coupet 
(see [3]), which are based on the approach of S. Pinchuk (see [11]) and A. SaduUaev (see 
[12]), T. Edlund proved in his thesis [5] the following result for compact sets. Actually, 
Edlund states less, but Theorem 1.4 follows immediately from his proof. 

Theorem 1.4. Let K C C be a compact set and let f : C ^ C be a -function such that 
the graph of f over K is pluripolar in . Put 

S — {z & K : for any e > the set K n 0(2;, e) has positive Lebesgue measure on C}. 

Then ^ — on S. In particular, f e R{S). 

Here, B){zo, r) = {z & C : \z — zo\ < r} and R{S) is the set of all continuous functions g : 
K ^ C which can be uniformly approximated (in sup-norm) on S by functions holomorphic 
in a neighborhood of S. Edlund mentioned that he was unable to prove this for functions / 
that are merely C^. Also Coupet wrote about problems with C^. Generally, the problems 
with stem from the fact that the Bishop construction of a family of discs yields at best 
a C'^'^^-regular family of boundaries of the disc, where k is the regularity of /. Therefore, 
if / is we have no differentiable family of boundary curves in M, and we are unable to 
use arguments involving the Jacobian of a mapping or the implicit function theorem for 
showing a diffeomorphism. 

The main purpose of the present paper is to show that for C^-functions, we still can 
prove a similar result for a smaller class of sets S. However the class is large enough to 
include the so-called fine domains. See Section 2 below, where we give a reformulation 
of our result in the language of fine domains and finely holomorphic functions. So, as a 
corollary of Theorem 1.2 we get 

Theorem 1.5. Let K C C be a compact set and let f : C ^ C be a -function such that 
the graph of f over K is pluripolar in C^. Put 

S = {z E K : the set C\K is thin at z}. 

Then ^ = on S. In particular, f e R{S). 
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We say that a set F C C is thin at a point 2:0 G C if there exists a subharmonic function 
M on C such that u < —1 on F and u{zq) > — 1. 

Cartan already observed that when we provide C with the fine topology, i.e. the coarsest 
topology that makes all subharmonic functions continuous, F is thin at a can be expressed 
as a is not in the fine closure of F. It is a simple observation that if Q is finely open and 
z E fl then there exists a compact set K G fl which is a fine neighborhood of z. 

On fine domains one can introduce finely holomorphic functions, which have many prop- 
erties much similar to holomorphic functions, cf. [6]. 

A function / on a fine domain Q is called finely holomorphic on Q, if for every 2; e Q 
there exists a compact fine neighborhood z E K G Q, such that / is a uniform limit on 
K of rational functions with poles off K. Equivalently, there exists a C^-function /* on C 
such that f = f* on K and df* = on K. 

Thus we can reformulate Theorem 1.5 in the language of fine holomorphy as follows. 

Theorem 2.1. Let D G C be a finely open set and let f : D ^ C be a function. Then the 
following conditions are equivalent: 

(1) / is finely holomorphic on D; 

(2) rf{D) is pluripolar and for any point zq & D there exist a compact fine neighborhood 
K of Zq and a -function : C — > C such that fx — f on K. 

Proof The implication (1) =^ (2) was proved in the paper [4]. The other imphcation 
follows directly from Theorem 1.5 and the definition of finely holomorphic function. □ 

3. Proof of Theorems 1.2 and 1.5 

Recall that a submanifold M of C" is maximal totally real if it has real dimension n and 
the tangent space T^M at any point z E M does no contain a complex line. 

Proof of Theorem 1.2. Fix zq G M. Without loss of generahty we may assume that zq — 
e C^. 

According to E. Bishop (see [1]) because M is maximal totally real we may write in some 
neighborhood of the origin M = {{xi + ihi{xi, . . . , Xn), . . . ,Xn + ihn{xi, . . . , Xn)}, where 
hi,...,hn are functions in a neighborhood of such that h-i{Qi) — ■ ■ ■ — hn{0) — and 



g(0,0)=Ofor j,fc = l,...,n. 

We recall the principal result from Coupet's paper [3]. Let D be the unit disc in C and 
let T be its boundary. We denote by T : L^(T) i/(T), p > 1, the Hilbert transform 
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(or, harmonic conjugate transform). In addition, for an function on T we denote its 
harmonic extension by 

(3.1) ^(^) = _y^ ^{e'')P{e^',z)d9, 

where P(e'^, z) = i^^^l^^p is the Poisson kernel. In particular, for h e L^{T), 

(3.2) + iTW 

is a holomorphic function on D. 

Recall the following result of B. Coupet (see Theoreme 1 in [3]). 

Theorem 3.1. Assume thatp > 2n + l. Then there exists a constant So > not depending 
on h, n andp such that for any function k G C^(T x K^"; M") with compact support and with 
||A;||vFi'P(TxR2") < the equationu = T{hou) +k has a unique solutionu G W^'^iT x'E?'^) . 

Moreover, the harmonic extensions of u and ho u are of class on D x and the 
mapping IR^" 3 w ^ u{-,w) G VF^'^(T) is continuous. 

Fix (p G C°°(T) such that = on T+ = {e'^ : \e\ < f } and < on T \ T+. By 
Theorem 3.1 we get (see also Part II in [3]) that there exist a small ball B in R"' centered 
at the origin and a unique function u = u{z,(^,^) : B) x B x B ^ M** such that 

(1) u is harmonic in the first variable; 

(2) u G C(D X B X B)n W^'P(D x B x B) for any fixed p > 2n + 1; 

(3) u G Ci(D xBxB); 

(4) ^.(e^^ C, = -T{h{u{; (, 0))(e^') + C - mfW)- 

Note that u(e'^, C, 0) = C and u(0, (, = C- Define H : TxSxS^C^by 

(3.3) H{e'', C, = u{e^\ {hHe'\ C, 0) + iv{e'')) = {u + ^Tn) {e\ (, 0, 

where (3) was used in the last equality. Then for (,C, ^ B, i7(e*^,C,^) G M for |^| < 7r/2. 
Moreover, for fixed the function H[-,(^,^) is holomorphic. 
Define H : Tx5x5^C"by 

(3.4) H{e^',C,0 = <e'',C,0+^{h{u{e^',C,0) + ^<Pie'')) - (« + ^^u) (e^ C, 0, 

where (3) was used in the last equality. Then for C,^ E B, H{e'^, C,^) E M for \e\ < 7r/2. 
Moreover, for fixed C, C the function H{-, ^) is holomorphic. We have 

(3.5) ^(0, c, = C + ^ J^^ Ku{e'\ C, i))de + lim- 

Because h[x) = o{x), we have §^(0, 0, 0) = 6jk and ^^(0, 0, 0) = djkiffiO), where 5jk — 1 
for j — k and 5jk — for j ^ k. 

Now we will assume that M \ P is thin at and show that this leads to a contradiction. 
Put L = M \ (PU {0}). Fix a neighborhood C C" of and a negative plurisubharmonic 
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function v in W such that < -1 on n L and v{0) > -|. We put S' ^ {z E : 
v{z) > -|}. Note that G S'. 

Fix also a plurisubharmonic function U on C" such that U = — oo on P. Then for fixed 
the function u{w,(,^) = U{H{wX,0) is subharmonic on D. 

We are interested in the set {{6, (, : i^(e^^ C, ^ L}. 

Lemma 3.2. Let be near zero such that H{]D>,(,0 C W and that H{0,(,0 ^ ■ 
Then {9 : \9\ < |,if(e*^, C,0 ^ L} is of positive measure. 

Proof. We have 

(3.6) v{H{0, C, 0) < ^ l_[ v{H{e^\ C, 0)^^- 
If for almost aU d e (-|, f ) we have H{e^\ (,0 ^ L then 

(3.7) -1<^(//(0,C,0)<-^- 

A contradiction. □ 

Lemma 3.3. For a set of positive measure A C M^" we have H{OX,0 ^ "S"? (CiO ^ ^■ 

Proo/. Indeed, det[||^](0, 0, 0) = i. Hence, for small C,^ e R" we have det[||](0,C,0 7^ 0. 
Note that for any fixed ^ near zero the set {H)~^{S') is of positive measure. □ 

The set {if(0,C,O • (C)0 ^ ^} is of positive measure in C", because H is at the 
origin. Then we get that U = — oo on C". A contradiction. □ 

Proof of Theorem 1.5. Fix a point zq G S. We want to show that %{zq) = 0. Assume that 
this is not the case. Then in some neighborhood of zq we have 

(3.8) 1^0. 

We put M = {{z,f{z)) : z near zq}. From (3.8) we see that M is a maximal totally real 
submanifold. This would contradict Theorem 1.2, where P — {{z,f{z)) : z e K} is the 
pluripolar set. □ 

4. An example 

The following example indicates how the compact sets that we considered may come 
about. 



Example 4.1. Take sequences a„ \ 0, r„ > 0, and take K = {0} U U5^]^D(a„, r„). Note 
that for any C^-function / : C — C if Tf^K) is pluripolar then by Shcherbina's result 
11(0) = 0. Now, take r„ so small that all discs D(a„,r„) are disjoint. 

Fix one of these discs, say ^{am^rm)- We take a dense subset in this disc. If we 
carefully remove balls about points 6„ then we may obtain a set L^, so that C\ is thin 
at Om- We do this for all discs and we get a new compact set K = {0} U Uj^^^Lm such that 
its interior is empty. Again take a function / : C ^ C such that ^f{K) is pluripolar. 
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Then neither Shcherbina's nor Edlund's result can be apphed. But our main theorem gives 
||(0) = 0. The reader can find similar, but even more sophisticated examples of this type. 
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